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Abstract
In the light of several recent analyses pointing towards texture 4-zero Fritzsch-like quark mass
matrices as the only viable structures for quark mass matrices, this work adopts a model inde-
pendent approach to reconstruct an alternate and simplified structure of texture specific quark
mass matrices in a generalized ’u-diagonal’ basis within the Standard Model framework using the
Unitarity of CKM matrix and the observed hierarchies in quark mass spectra and mixing angles.
It is observed that the measured 1σ values of the three physical parameters namely mu, md and
s12 naturally lead to the vanishing of (11) element in the down type quark mass matrix and that
the single measurable CP violating phase δ13 in the CKM matrix is sufficient enough in M
′
d to
explain the observed mixing pattern in a suitable basis. The leading order as well as exact analytic
phenomenological solutions are addressed for the modest pattern of quark mass matrices derived
from CKM matrix and precision measurements of mixing parameters.
∗ rohitverma@live.com
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I. INTRODUCTION
In the Standard Model (SM) framework [1–3], the couplings between the Higgs and quark
fields are explained through the Lagrangian term
−LY = QLYuH˜UR +QLYdHDR + h.c. , (1)
where QL and H˜ ≡ iσ2H∗ denote the left-handed quark and Higgs doublets, UR and DR
are the right-handed quark singlets, Yq for q = u and d stand for the quark mass matrices.
After the spontaneous gauge symmetry breaking [4], the quark mass matrices are given
by M ′q = Yq〈H〉 with 〈H〉 ≈ 174 GeV being the vacuum expectation value of the Higgs
field. Unfortunately, these matrices are not only complex 3 × 3 structures involving 18
arbitrary parameters each but are also ’weak’ basis dependent [5]. The task of constructing
these matrices is therefore critical since the quark mass spectra, flavor mixing angles and
CP violation are all determined by these mass matrices. However, a reasonably modest
reconstruction of these matrices from physical observables is expected in a favorable basis,
at least within the SM framework, which on one hand translates the observed masses and
mixing angles onto the corresponding mass matrices, while on the other hand, avoids the
need of additional arbitrary parameters and phases to achieve the same.
Due to the absence of flavor-changing right-handed currents in the SM, it is always possible
to make the quark mass matrices M ′u and M
′
d Hermitian, through a unitary transformation of
right-handed singlet quark fields in the flavor space. The quark mass eigenvalues are obtained
through the diagonalization of these mass matrices using V †uM
′
uVu = diag{mu,mc,mt} and
V †dM
′
dVd = diag{md,ms,mb}. The resulting quark flavor mixing (CKM) matrix [6, 7] V
arises from the non-trivial mismatch between these diagonalizations i.e. V = V †uVd and
accounts for the flavor changing charged current W± interactions through couplings of the
form
− g√
2
(
u c t
)
L
γµV

d
s
b

L
W+µ + h.c. (2)
Two important observations in this regard need to be emphasized. First, using the running
quark masses at the energy scale of MZ = 91.2 GeV [8–11]:
mu = 1.38
+0.42
−0.41 MeV , md = 2.82
+0.48
−0.48 MeV ,
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mc = 0.638
+0.043
−0.084 GeV , ms = 57
+18
−12 MeV ,
mt = 172.1
+1.2
−1.2 GeV , mb = 2.86
+0.16
−0.06 GeV ,
mu/md = 0.38− 0.58, ms/md = 17− 22, (3)
one observes that the quark mass spectra appear to exhibit a strong hierarchy i.e. mu 
mc  mt and md  ms  mb and that the hierarchy is relatively stronger in the ’up’ quark
sector. Second, the CKM matrix also observes a hierarchical structure viz. |Vub| < |Vtd| 
|Vts| < |Vcb|  |Vcd| < |Vus| < |Vcs| < |Vud| < |Vtb|. The current global averages [10, 11] for
best fit values of the quark mixing matrix elements are given by
|V | =

0.97434± 0.00012 0.22506± 0.00050 0.00357± 0.00015
0.22492± 0.00050 0.97351± 0.00013 0.0411± 0.0013
0.00875± 0.00033 0.0403± 0.0013 0.99915± 0.00005
 . (4)
The three inner angles of the unitarity triangle are defined through the orthogonality condi-
tion: VudV
∗
ub + VcdV
∗
cb + VtdV
∗
tb = 0 and are also quite precisely measured [10, 11], e.g.
α ≡ arg
(
− VtdV
∗
tb
VudV
∗
ub
)
= 87.6◦+3.5
◦
−3.3◦ ,
β ≡ arg
(
−VcdV
∗
cb
VtdV
∗
tb
)
= 21.8◦+0.48
◦
−0.48◦ ,
γ ≡ arg
(
−VudV
∗
ub
VcdV
∗
cb
)
= 73.2◦+6.3
◦
−7.0◦ (5)
indicating towards a unitary CKM matrix. Any natural description of the observed flavor
mixing should translate these strong hierarchies in the quark mass spectra and the flavor
mixing parameters directly onto the hierarchy and phase structure of the corresponding mass
matrices [12, 13]. This paper attempts to address this problem in a clear and simple manner
within the SM framework.
In view of connecting the strong hierarchies in the quark mass spectra and the flavor
mixing parameters with corresponding quark mass matrix structures, one successful ansatz
incorporating the texture zero approach was initiated by Weinberg [12] and Fritzsch [13]
and this approach has been widely adopted for understanding the behavior of flavor mixing
patterns both in the quark [5, 14–31] as well as the lepton sectors [32–44]. A particular
texture structure is said to be texture ’n’ zero, if it has ’n’ number of non-trivial zeros, for
example, if the sum of the number of diagonal zeros and half the number of the symmetrically
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placed off diagonal zeros is ’n’. Essentially, these texture zeros are phenomenological zeros
that represent entries in the mass matrix which are highly suppressed as compared to their
nearest neighbors. In the texture-zero approach to quark mass matrices, recently, it has
been widely discussed [20, 22, 28, 31] that only a certain class of Hermitian texture zero
structures, namely the Fritzsch-like texture 4-zeros, are viable in the quark sector with q =
u,d.
M ′q =

0 aq 0
a∗q dq bq
0 b∗q cq
 (6)
These however require at least 10 (equal to number of physical observables) matrix pa-
rameters including two non-trivial phases [45] to account for the observed flavor mixings.
In addition, the relations for the mixing parameters in such scenarios are quite complicated
[17, 19] and difficult to comprehend. In the light of these recent works [20, 22, 28, 31], it
becomes desirable to investigate if a more generic approach using fundamental character-
istics of CKM matrix and measured hierarchies of physical observables allow for a modest
reconstruction of the texture based quark mass matrices accounting for the observed flavor
mixing.
The structure of the paper is as follows. Section-II uses the Wolfenstein parametrization
for V to gain some insight on the gross structural and hierarchical features of these mass
matrices from a general point of view. Later, in Section-III, the standard parametrization
for V is used along with the hierarchical nature of quark masses and mixing angles to extract
vital clues on the flavor mixing parameters along with the CP phase and the three angles
of the unitarity triangle. Section-IV attempts to translate this information to reconstruct
a modest structure for the corresponding mass matrices through a leading order as well an
exact analytic solution. This is followed by conclusions in Section-V.
II. WOLFENSTEIN PARAMETRIZATION
The Wolfenstein parametrization [46] for V is instructive in providing vital clues towards
the formulation of these quark mass matrices, e.g.
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V =

1− λ2/2 λ Aλ3 (ρ− iη)
−λ 1− λ2/2 Aλ2
Aλ3 (1− ρ− iη) −Aλ2 1
 '

1 λ 0.3λ3
−λ 1 0.8λ2
0.6λ3 −0.8λ2 1
 , (7)
where λ = 0.22, A = 0.82, ρ = 0.13 and η= 0.345 have been used [10] and the phases have
been ignored for simplicity. In the u-diagonal flavor basis
M ′d = VM
Diag
d V
†
∼

md
√
mdms 0.1
√
mdmb
−√mdms ms 0.3√msmb
0.1
√
mdmb −0.3√msmb mb
 . (8)
Using MDiagd = diag{−0.0031, 0.057, 2.910}GeV , the following numerical estimate can be
made, e.g.
|M ′d| '

0.00001 0.01 0.01
0.01 0.058 0.12
0.01 0.12 2.90
GeV. (9)
Interestingly, the above matrix is hierarchical among the diagonal elements with 0 '
(M ′d)11  md  (M ′d)12,21 '
√
mdms ∼ (M ′d)13,31 < (M ′d)22 ' ms  (M ′d)33 ' mb.
However, we should also require some insight on the possible phase structure of M ′d.
III. STANDARD PARAMETRIZATION
Whereas, the Wolfenstein parametrization can be used to understand the hierarchy of
the mass matrix elements, the standard parametrization [10] for V allows to extract several
vital clues for the flavor mixing parameters as well as the three angles of the unitarity
triangle. Most importantly, it also facilitates the mass matrices in attaining a minimal phase
structure as discussed below. In this parametrization, V is expressed in terms of the three
mixing angles sij = sin θij, cij = cos θij where θij (i, j = 1, 2, 3) lie in the first quadrant i.e.
sij, cij ≥ 0 and a CP-violation phase δ13 associated with the flavor-changing processes in the
SM appears, e.g.
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V =

1 0 0
0 c23 s23
0 −s23 c23


c13 0 s13e
−iδ13
0 1 0
−s13eiδ13 0 c13


c12 s12 0
−s12 c12 0
0 0 1

=

c12c13 s12c13 s13e
−iδ13
−s12c23 − c12s23s13eiδ13 c12c23 − s12s23s13eiδ13 s23c13
s12s23 − s13c12c23eiδ13 −s23c12 − s12s13c23eiδ13 c23c13
 =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
 .(10)
Using s13  s23  s12, the above structure can be reduced to the following form without
losing generality,
V =

c12 s12 s13e
−iδ13
−s12c23 c12c23 s23
s12s23 − s13c12eiδ13 −s23c12 c23
 (11)
and follows from s12s23s13  1, s12s13  s23, s23s13  s12, s12s23 ∼ s13 and cij ' 1. The
Eq. (11) also provides a natural explanation for |Vcd| < |Vus|, |Vts| < |Vcb| and |Vud||Vtb| = |Vcs|
which can be verified using the best-fit values in Eqn.(4). This further allows to establish
trivial relations for the unitarity angles
β = − arg
(
1− s13c12
s12s23
eiδ13
)
. (12)
The above relation provides quite an accurate prediction for β calculation using Eqns.(4)
and (5) with δ13 ' γ. Likewise, the Jarlskog’s CP invariant parameter [47–49] JCP =
Im[VusVcbV
∗
csV
∗
ub] ' c12s12s23s13sinδ13. The current global average [10, 11] for this parameter
is given by JCP = (3.04
+0.21
−0.20) × 10−5. Furthermore, since there is only one physical phase
δ13 in the CKM matrix, it is desirable to translate this single phase onto the corresponding
mass matrices. To this end, one may always start from a basis wherein one of the matrices
Mq (q = u, d) is real diagonal and the other is an arbitrary Hermitian mass matrix [5, 32].
Noting that the hierarchy is much stronger in the ’up’ quark masses, one is compelled to
consider the diagonal flavor basis of M ′u, such that
M ′d = VM
Diag
d V
† (13)
describes the matrix elements of M ′d in terms of the physical observables namely the three
quark masses and four mixing parameters. However, the structure for the CKM matrix
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V in Eqn.(10), when substituted in Eqn.(13), leads to mathematically complicated rela-
tions between the matrix elements of M ′d and the physical observables in V which are dif-
ficult to comprehend and a deeper insight into such relationship cannot be established. In
particular, it is unclear if the three overall phases associated with the off-diagonal mass
matrix elements establish any trivial relationship to δ13 in CKM matrix. Explicitly, with
MDiagd = (−md,ms,mb) and substituting a relatively simpler Eq.(11) in relation (13), one
obtains
M ′d(12) = c12c23(md +ms)s12 +mbs13s23e
−iδ13 = ade−iαd ,
M ′d(13) = c23s13mbe
−iδ13 + c212s13mde
−iδ13 − c12s12s23(md +ms) = fde−iδd ,
M ′d(23) = s23c23mb − c212s23c23ms +mds12c23(s12s23 − s13c12e−iδ13) = bde−iβd .
(14)
In the following section, we show that the observed strong hierarchies in the quark mass
spectra and mixing angles can be of immense help in deducing modest relations among these
parameters as well as implications for αd, βd and δd viz-a-viz δ13 leading to a rather simplistic
structure for the mass matrices.
IV. DIAGONAL FLAVOR BASIS
A. Leading Order Solution
In the flavor basis of diagonal M ′u = diag{mu,mc,mt} and using observed hierarchies in
quark masses and mixing angles along with MDiagd = diag{−md,ms,mb}, one obtains the
following modest structure for M ′d to a leading order, e.g.
M ′d '

mss
2
12 −md (ms +md)s12 mbs13e−iδ13
(ms +md)s12 mbs
2
23 +ms (mb −ms)s23
mbs13e
iδ13 (mb −ms)s23 mbc223
 =

0 ade
−iαd fde−iδd
ade
iαd dd bde
−iβd
fde
iδd bde
iβd cd
 . (15)
where αd = βd = 0, and hence ad, bd, fd, dd and cd can be inferred to be purely real within
an error of less than a percent due to the strong hierarchy in the quark sector. The modest
relationship among the matrix elements of M ′d and the physical observables: md, ms, mb,
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FIG. 1: Histogram for allowed values of M ′d(11).
s12, s13, s23 and δ13 is clearly manifest, i.e.
ad = s12(md +ms),
bd = s23(mb −ms),
fd = s13mb,
δd = δ13.
(16)
Note that M ′d(11) = mss
2
12−md ≤ 4×10−4 = 0 in Eqs. (9) and (15) is a natural consequence
of the precision measured values of md, md and s12 =| Vus | and are also consistent with
the Gatto-Sartori-Tonin (GST) relation [50] s12 '
√
md/ms. This is emphasized in Fig.1,
depicted through histogram of M ′d(1, 1) obtained for all running values of the quark masses
and observed Vus values consistent with Eqs.(3) and (4).
The absence of complex phases with other off-diagonal matrix elements of M ′d in Eq. (15)
follows naturally from the hierarchical and phase structure of V in Eq. (11). Clearly the mass
matrix in Eqn.(15) associates the CP-violating phase in the CKM matrix predominantly with
the off-diagonal M ′d(1, 3) and M
′
d(3, 1) elements. This makes it vital to investigate whether
an exact analytic solution to the the above leading order texture 4-zero matrices is also in
agreement with the current quark flavor mixing and CP-violation data within the known
precision limits.
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B. Exact Solution
A possible analytic solution of the above M ′d texture structure can be achieved through
a complex unitary transformation R on real symmetric Md through
M ′d = R
†MdR =

1 0 sde
−iδd
0 1 0
−sdeiδd 0 1


e′d ad 0
ad dd bd
0 bd cd


1 0 −sde−iδd
0 1 0
sde
iδd 0 1

'

0 ad fde
−iδd
ad dd bd
fde
iδd bd cd

(17)
where sd = sinθd =
√
−e′d/cd  1, cosθd ' 1 and −md < e′d < 0 follows from M ′d(1, 1) = 0
for conformity with the leading order solution. The CKM matrix then originates from V =
R†Od where Od is the orthogonal transformation that diagonalizes Md through OTdMdOd =
diag{kmd,−kms,mb}. Note that M ′Diagd = MDiagd = diag{kmd,−kms,mb} follows from
the unitary R transformation and k = {−1,+1} accommodates a negative mass eigenvalue
associated with md or ms, respectively. The above mass matrix involves only three non-trivial
parameters namely e′d, dd and δd (in addition to the three quark masses). In particular, Od
is expressed as [19]
Od =

√
(ke′
d
+ms)(mb−e′d)(cd−kmd)
(cd−e′d)(mb−kmd)(ms+md)
√
(md−ke′d)(mb−e′d)(cd+kms)
(cd−e′d)(mb+kms)(ms+md)
√
(md−ke′d)(ke′d+ms)(mb−cd)
(cd−e′d)(mb+kms)(mb−kmd)
k
√
(md−ke′d)(cd−kmd)
(mb−kmd)(ms+md) −k
√
(ke′
d
+ms)(cd+kms)
(mb+kms)(ms+md)
√
(mb−e′d)(mb−cd)
(mb+kms)(mb−kmd)
−k
√
(md−ke′d)(mb−cd)(cd+kms)
(cd−e′d)(mb−kmd)(ms+md)
k
√
(ke′
d
+ms)(cd−kmd)(mb−cd)
(cd−e′d)(mb+kms)(ms+md)
√
(mb−e′d)(cd−kmd)(cd+kms)
(cd−e′d)(mb+kms)(mb−kmd)
 ,
(18)
cd = kmd − kms +mb − dd − e′d ,
ad =
√√√√(md − ke′d) (ms + ke′d) (mb − e′d)
(cd − e′d)
,
bd =
√√√√(cd − kmd) (cd + kms) (mb − cd)
(cd − e′d)
,
(mb −ms − e′d) > dd > (md −ms − e′d) ,
0 > e′d > −md . (19)
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Using md  ms  mb, a further simplification can be achieved by a redefinition of the
parameters e′d and dd as
ξd = e
′
d/md , ζd = dd/cd, (20)
such that |ξd|  1, |ζd|  1. The resulting mixing matrix V = R†Od, with an error of less
than a percent, is expressed below
V '

σd σd
√
md
ms
ms
mb
s12s23 +
√
md
mb
√−ξde−iδd
kσd
√
md
ms
√
1−∆d −kσd
√
1−∆d
√
ζd+k∆d
1+ζd(
−kσd
√
md
ms
√
ζd + k∆d − eiδdσd
√
md
mb
√−ξd
)
kσd
√
ζd+k∆d
1+ζd
√
1−∆d
 ,
(21)
where
σd '
√
ms
md +ms
, ∆d =
ms −md
mb
(22)
have been introduced for notation convenience. Note that, for k = −1 there is a complete
agreement of the above structure of V with that of Eq. (11) in the context of the (-ve) signs
associated with Vcd, Vcs, Vtd and Vts and a one to one correspondence is then clearly evident
through the relations
|Vud| = c12 = σd =
√
ms
md +ms
,
|Vus| = s12 =
√
md/(md +ms) ,
|Vub| = s13 ' sd =
√
−ξd
√
md
mb
,
|Vcd| = |Vus||Vtb| < |Vus| ,
|Vcs| = |Vud||Vtb| ,
|Vcb| = s23 =
√
ζd −∆d ,
Vtd = s12s23 − c12s13eiδd ,
|Vts| = |Vud||Vcb| < |Vcb| ,
|Vtb| = c23 =
√
(mb −ms +md)/mb ,
δ13 = tan
−1
(
mbs13 sin δd
mss12s23 +mbs13 cos δd
)
' δd ,
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β = − arg
(
1− σd
√ −msξd
mb (ζd −∆d)e
iδd
)
. (23)
The corresponding M ′d in terms of ξd, ζd, δd and the quark masses appears below
M ′d '

0
√
mdms
√−ξdmdmbe−iδd
√
mdms mbζd mb
√
ζd −∆d
/
(1 + ζd)√−ξdmdmbeiδd mb
√
ζd −∆d
/
(1 + ζd) mb(1− ζd + ∆d)
 ,
(24)
where
|ξd| = mbs213/md, ζd = s223 + ∆d, δd ' δ13. (25)
The above matrix is in remarkable agreement with the leading order result in Eq.(15), estab-
lishing that a particular class of texture 4-zero quark mass matrix in Eq.(15) follows directly
from the observed precision measurements on physical observables in a suitable basis.
We now use the available mixing data for the down sector quark masses along with four
flavor mixing parameters |Vus|,|Vcb|,|Vub| and β at 1σ level from Eqs.(3)-(5) for the analysis.
The best-fit values for the six free parameters ξd, ζd, δd, md, ms and mb in the exact solution
case are presented below:
md = 3.08MeV, ms = 57.0MeV, mb = 2.903 GeV,
δd = 71.395
◦, ξd = −0.011473, ζd = 0.020286
leading to ∆d = 0.01857. The values for the various CP-angles and JCP corresponding to
the above best-fit are observed as
δ13 = 68.565
◦, JCP = 2.986× 10−5,
α = 89.538◦, β = 21.932◦, γ = 68.530◦.
The resulting V = R†Od and the corresponding M ′d (in units of GeV) are
| V |=

0.97434 0.22507 0.003553
0.22493 0.97350 0.04121
0.00863 0.04045 0.99914
 , |M ′d |=

0 0.01333 0.01012
0.01333 0.05879 0.11728
0.01012 0.11728 2.89816
 .
Clearly, these results are in excellent agreement with the predictions in Eqs.(9) and (23)
as well as observed quark masses and mixing data in Eqs. (4) and (5).
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V. CONCLUSION
In the absence of a compelling theory of fermion flavor dynamics from the top-down per-
spective, we have adopted a ’bottom-up’ approach to reconstruction of quark mass matrices
from physical observables within the framework of Standard Model. The observed data on
quark masses and flavor mixing, aided with the standard parametrization for V , points to
the following model independent and modest texture 4-zero structure of corresponding quark
mass matrices in u-diagonal basis i.e.
M ′d =

0 (ms +md)s12 mbs13e
−iδ13
(ms +md)s12 mbs
2
23 +ms (mb −ms)s23
mbs13e
iδ13 (mb −ms)s23 mbc223
 =

0 ad fde
−iδd
ad dd bd
fde
iδd bd cd
 (26)
which also holds well within the current precision bounds on quark masses and mixing angles.
It is observed that certain generalized phenomenological texture zeros may result as a direct
consequence of the precision measurements of some physical observables.
Whereas, the Fritzsch-like texture 4-zero Hermitian quark mass matrices involve several
parameters and at least two non-trivial phases for consistency with mixing data, the above
texture 4-zero structure is quite simpler and entirely expressible in terms of the physical
observables. It is thereby shown that the strong hierarchies in the quark mass spectra and
mixing angles allows to considerably reduce the 36 arbitrary parameters in the generalized
complex mass matrices M ′q to only six such parameters namely ad, bd, fd, dd, cd and δd. Each
of these is non-redundant and fixed quite accurately by only six physical observables namely
three down sector quark masses, s23, s13 and δ13 through uncomplicated yet compelling
relations i.e.
ad = s12(md +ms),
bd = s23(mb −ms),
fd = s13mb,
δd = δ13,
(27)
and also endorse the GST relation s12 '
√
md/ms as compared to s12 '
√
md/ms −
eiφ
√
mu/mc for Fritzsch-like texture 4-zero matrices. Clearly, the ’up’ quark masses are
disconnected from flavor mixings and CP-violation in this scenario.
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Keeping view of the hierarchy among Yukawa couplings and quark mixing angles and
using one-loop renormalization group equations [51, 52] for the Yukawa matrices, the non-
leading terms in the Yukawa couplings different from that of the top quark, can be safely
neglected. As a result, the running effects on ratio md/ms and hence an emerging texture
zero at (11) position in M ′d remains invariant to such quantum corrections.
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